It is shown that, for a harmonic oscillator in the ground state, Bohmian mechanics and quantum mechanics predict values of opposite sign for certain time correlations.
Introduction
Since its inception by Bohm [4] and its popularization by Bell [2] , the pilot wave theory, or causal interpretation of quantum mechanics -now often called Bohmian mechanics -has been regarded by a number of people as a in some respects bizarre but otherwise viable ontology for quantum mechanics. Books and proceedings appeared that discuss the features of the theory in detail, cf. Holland [14] , Bohm & Hiley [5] , Cushing et al. [6] , good introductory surveys are available, cf. Berndl et al. [3] , Dürr et al. [10] , and accounts for the lay reader exist, cf. Albert [1] , Goldstein [12] .
On the other hand, Bohmian mechanics has remained a minority view, since, from its beginnings, it had been critically viewed by most of the influential quantum physicists. The main early arguments against it are stated in Holland [14, Sections 1.5.3 and 6.5.3]; they are usually argued away by some mathematical analysis accompanied by statements such as "classical prejudice" (Bell [2, Chapter 14] ),"to our knowledge no serious technical objections have ever been raised against" it (Holland [14, Section 1.5.3]), or "Bohmian mechanics accounts for all of the phenomena governed by nonrelativistic quantum mechanics" (Dürr et al. [10] ). The arguments on both sides usually rest on one's unwillingness or readiness to accept counterintuitive consequences of the Bohmian picture, since none of the phenomena in question are observable.
More recent counterintuitive implications of Bohmian mechanics (Englert et al. [11] , Griffiths [13] ) met with similar responses (Dürr et al. [9] , Dewdney et al. [8] ). In particular, Dürr et al. write, "an open-minded advocate of quantum orthodoxy would presumably have preferred the clearer and stronger claim that BM is incompatible with the predictions of quantum theory, so that, despite its virtues, it would not in fact provide an explanation of quantum phenomena. The authors are, however, aware that such a strong claim would be false."
The purpose of this note is to demonstrate -independent of the arguments in [11, 13, 14] -that such a strong claim is valid indeed. Specifically, Bohmian mechanics contradicts the predictions of quantum mechanics at the level of time correlations.
Since time correlations can be observed experimentally via linear response theory (see, e.g., Reichl [16, Chapter 10 .1C]), Bohmian mechanics and quantum mechanics cannot be both valid.
Time correlations in Bohmian mechanics
Quantum mechanics in a nutshell. A one-dimensional quantum particle without spin in an external potential V (q) is described by the Hamiltonian 
[15, (8.40)]. In the position representation, pure ensemble states are given by wave functions ψ 0 (x) satisfying |ψ 0 (x)| 2 dx = 1, on which q acts as multiplication by x and p acts as the differential operator
∇. The expectation of a Heisenberg operator family A(t) in a pure ensemble is defined by
[15, (4.22)]. If one defines a time-dependent wave function ψ(x, t) as the solution of the initial-value problem
[15, (2.29)], one can rewrite the expectation in the equivalent Schrödinger picture as
[15, (4.22)]. In particular, the expectation of a function of position is
[15, (4.13)], so that
[15, (4.2)] behaves as a probability density. For Hamiltonians of the form (1), the probability density satisfies an equation of continuity,
[15, (4.11)], with the probability current
[15, (4.9)]. Thus an ensemble behaves like a flow of noninteracting particles.
Bohmian mechanics in a nutshell. Bohmian mechanics tries to give reality to this picture of an ensemble as a flow of particles with classical-like properties.
Following Holland [14, Section 3.1], ensembles are interpreted in Bohmian mechanics as classical ensembles of particles characterized by a solution ψ(x, t) of Schrödinger's wave equation (5) and a trajectory x(t) obtained by solving the initial value probleṁ
where the phase S(x, t) of ψ is defined by
The probability that a particle in the ensemble lies between the points x and x+ dx at time t is given by |ψ(x, t)| 2 dx. (Holland discusses the 3-dimensional case and hence has a volume element in place of dx. It would be trivial to rewrite the present discussion in three dimensions without changing the conclusion. Similarly, as in many expositions of Bohmian mechanics, spin is ignored, but incorporating it would not change anything essential.)
To indicate the flow of individual particles in an ensemble described by a fixed solution ψ(x, t) of the Schrödinger equation, we refine the notation and write x ξ (t) for the position of a particle that is in position ξ at time t = 0, so that x ξ (0) = ξ. The associated probability measure is then dµ(ξ) = |ψ 0 (ξ)| 2 dξ. Ensemble expectations of some real property A ξ that a particle -characterized by its wave function ψ 0 (asumed fixed) and its position ξ at time t = 0 -has are therefore given by averaging the values of A over the ensemble,
Since J(x(t), t) = P (x(t), t)ẋ(t)
[14, (3.2.29)], the continuity equation (10) implies that expectations of functions of position are invariant under a shift of the reference time t = 0.
Prime examples of real properties are the particle positions and momenta at arbitrary times t,
[14, (3.2.18)], and we have
[14, (3.8.10/11)]. Thus mean position and mean momentum predictions of Bohmian mechanics agree with those of quantum mechnaics.
Particles in the ground state. For any Hamiltonian with a nondegenerate ground state ψ 0 (satisfying Hψ 0 = E 0 ψ 0 ), this ground state can always be taken to be real. Indeed, since the complex conjugate ψ * 0 also satisfies Hψ * 0 = E 0 ψ * 0 and the ground state is nondegenerate, ψ * 0 must be a multiple of ψ 0 , and scaling with the square root of the multiplier leaves a real eigenfunction.
The solution ψ of the Schrödinger equation (5) corresponding to the ground state is ψ(x, t) = e −itE 0 /h − ψ 0 (x).
If a particle can be in position x at time t then |ψ(x, t)| 2 > 0, hence ψ 0 = 0. A comparison with (12) therefore shows that particles in a nondegenerate ground state have a phase S(x, t) = ±tE 0 independent of x. Thus (11) implies that x(t) is constant, x ξ (t) = ξ for all t. Thus each particle in the ensemble stands still.
This observation is puzzling and lead Einstein to reject the Bohmian interpretation; see Holland [14, Section 6.5.3] for a discussion and a defense.
The harmonic oscillator. A one-dimensional harmonic oscillator of mass m, period T and angular frequency ω = 2π/T is traditionally described by the Hamiltonian
The canonical commutation relations (2) imply that, for the Hamiltonian (15), the Heisenberg dynamics (3) of position and momentum are given by dq dt = p m , dp dt = −ω 2 mq, just as in the classical case. In particular, we can solve the dynamics explicitly in terms of the position operator q(0) and the momentum operator p(0) at time t = 0 as
again as in the classical case. In particular, q(T /2) = −q(0), so that quantum mechanics predicts the time correlation
for an ensemble in an arbitrary pure (or even mixed) state. ( q(0) 2 = 0 would be possible only in an eigenstate of q(0) to the eigenvalue zero, but there is no such normalized state.)
On the other hand, interpreting the time correlations in a Bohmian sense, one finds from (13) that
For particles in the ground state (which for the harmonic oscillator is nondegenerate), the discussion above shows that the right hand side is constant. In particular,
Comparing (16) and (17), we see that the quantum mechanical time correlation and the Bohmian time correlation have opposite signs.
Local expectation values. To gain a better understanding of this discrepancy, we look at how Bohmian mechanics achieves agreement with more elementary quantum mechanical predictions. To calculate expectation values of quantum mechanical operators, Holland [14, (3.5.4) ] defines the local expectation value of a Hermitian operator A as the real number
The local expectation values evaluated along a trajectory,
are, consistent with (14) , considered to be the real properties of a particle. To appreciate what the local expectation values are in specific cases, Holland calculates explicitly the case of position, momentum, total energy, and total orbital angular momentum.
In particular, if A = f (q) then A(x, t) = f (x); thus functions of position at a fixed time behave classically. But for other operators, this is not the case; e.g., while p ξ (t) = mẋ ξ (t), the kinetic energy K = p 2 /2m satisfies
with an additional 'quantum potential' Q(x, t).
To rescue the Bohmian interpretation for time correlations, it would therefore be necessary to postulate additional 'quantum correlation' terms also for the 'real' values of products of positions at different times. But this seems to go against the spirit of the interpretation, and in particular, it amounts to implicitly restoring operator realism, against the Bohmian program advocated in Daumer et al. [7] .
Conclusion
In contrast to the claim by Dürr et al. [10] , Bohmian mechanics does not account for all of the phenomena governed by nonrelativistic quantum mechanics. Indeed, it was shown that for a harmonic oscillator in the ground state, Bohmian mechanics and quantum mechanics predict values of opposite sign for certain time correlations. Bohmian mechanics therefore contradicts quantum mechanics at the level of time correlations.
Since time correlations can be observed experimentally via linear response theory (Reichl [16, Chapter 10 .1C]), Bohmian mechanics and quantum mechanics cannot both describe experimental reality.
Due to the complex form of the Bohmian dynamics, it seems difficult to compute time correlations for realistic scenarios where a comparison with linear response theory and hence with experiment would become possible. But perhaps numerical simulations are feasible.
On the other hand, it is unlikely that, if the predictions of quantum mechanics and Bohmian mechanics differ in such a simple case, they would agree in more realistic situations. It is therefore likely that Bohmian mechanics is ruled out as a possible foundation of physics.
